Let f : X → B be a complex elliptic surface and let D ⊂ X be an integral divisor dominating B. It is well-known that the Parshin-Arakelov theorem implies the Mordell conjecture over complex function fields by a beautiful covering trick of Parshin. In this article, we construct a similar map in the context of (S, D)-integral points on elliptic curves over function fields to obtain a new proof of certain uniform finiteness results on the number of (S, D)-integral points. A second new proof is also given by establishing a uniform bound on the canonical height by means of the tautological inequality. In particular, our construction provides certain uniform quantitative informations on the set-theoretic intersection of curves with the singular divisor in the compact moduli space of stable curves.
Introduction
It is well-known that in the case of function fields in characteristic zero, the Parshin-Arakelov theorem (cf. Theorem 1.1) implies the Mordell conjecture (cf. [25] ). Moreover, by establishing a uniform version of the Parshin-Arakelov theorem (cf. Theorem 1.2), Caporaso obtained a certain uniform version of the Mordell conjecture over function fields. We explain this in some more details below.
Notations. The symbol ∼ stands for the linear equivalence relation of divisors. The cardinality of a set A is denoted by #A. We fix throughout an irreducible smooth projective complex curve B of genus g. Let K = C(B) be the function field of B. A family of curves Y → B (resp. a curve Y /K) is isotrivial if the induced moduli (resp. rational) map to the moduli space of curves is constant, or equivalently, if the Kodaira-Spencer class of the family Y/B (resp. of Y /K) is zero (cf. [12, Chapter 3] ).
For a nonisotrivial minimal surface X → B, we call the type of X the finite subset S ⊂ B above which the fibres of X are not smooth. Let F q (B, S) be the set of nonisotrivial minimal surfaces over B of type S and whose general fibres have genus q. When q ≥ 2, we have the following celebrated result of Parshin-Arakelov: Theorem 1.1 (Parshin-Arakelov) . The set F q (B, S) is finite for every q ≥ 2.
Proof. See [25] in the case S = ∅ and [2] for the general case.
The above theorem was latter reinforced by Caporaso as follows ([7, Theorem 3.1]). Theorem 1.2 (Caporaso) . There exists a function C : N 3 → N such that for all q ≥ 2, #F q (B, S) ≤ C(q, g, s).
Let (X → B) ∈ F q (B, S) where q ≥ 2. In [25] , Parshin constructed a map α X which associates to each section σ ∈ X(B) a nonisotrivial families of curves of bounded genus Y σ → B which factors through X → B and such that σ(B) is exactly the branch locus of the cover Y σ → X. The obtained nonisotrivial families of curves Y σ are all defined over a finite number of curves B ′ and the possible types S ′ ⊂ B ′ are also finite. The key property of the map α X is that all its fibres are finite. This is direct implication of the property that σ is uniquely determined as the branch locus of the cover Y σ → X and that the number of possible covers Y σ → X is finite by the de Franchis theorem since q ≥ 2. Therefore, the Parshin-Arakelov theorem implies the Mordell conjecture over function fields, i.e., X(B) = X K (K) is finite. With additional arguments proving that B ′ , S ′ can be taken in a uniformly bounded family and the cardinalities of the fibres of α X are uniformly bounded, Theorem 1.2 of Caporaso implies the following uniform version of the Mordell conjecture. Theorem 1.3 (Caporaso) . There exists a function M : N 3 → N such that for every q ≥ 2 and X ∈ F q (B, S), the set X K (K) = X(B) contains at most M(q, g, s) rational points.
For every P ∈ X K (K), let σ P : B → X be the induced section. Then P is said to be (S, D)-integral if the section σ P is (S, D)-integral. Definition 1.4 is the geometric interpretation of integral solutions of Diophantine equations. A more general definition of integral points is proposed and studied in [27] .
1.2. Parshin's map α X and integral points. The first goal of the article is to construct a map analogous to Parshin's map α X to obtain a new proof for known uniform finiteness results (cf. Corollary 1.7) on integral points on a nonisotrivial elliptic curve. Let f : X → B be a nonisotrivial elliptic surface of type T of cardinal t. Let D be an effective reduced horizontal divisor in X and S ⊂ B of cardinal s ∈ N. We show that (cf. Section 3):
Theorem A. The set of (S, D)-integral sections of X is finite and uniformly bounded by a function depending only on g, s, t, deg D K , the number of ramified points in the cover D → B, and the number of singular points on D.
When D is a section, deg D K = 1 and #D ram ∪ D sing = ∅. We recover in particular the uniform result in [14] whose proof uses height theory: Corollary 1.5. Let (O) be the zero section of X. The set of (S, D)-integral sections is uniformly bounded by a function depending only on g, s, t.
The main idea of our construction is similar to the method of Parshin in the following way. For each nonisotrivial elliptic surface X → B with a finite subset S ⊂ B and a horizontal effective divisor D, we define a map β X,D,S which associates to each (S, D)integral section σ ∈ X(B) a cover Y σ → X whose (horizontal part of the) branch locus is σ(B) ∪ D. The induced maps Y σ → B are nonisotrivial families of curves of uniformly bounded genus ≥ 2 and of uniformly bounded type.
The new key point is that the extra presence of D, and not just the section σ(B), in the branch locus turns out to be exactly what we need, altogether with the de Franchis theorem on elliptic subfields due to Tamme-Kani (cf. Theorem 7.1), to show that the fibres of the map β X,D,S are uniformly bounded. Thereby, we obtain from Theorem 1.3 a uniform result of Siegel theorem in the case of function fields with a new method other than the classical methods using heights (cf. Corollary 1.7).
1.3.
A negative result on the Parshin-Arakelov theorem. It is natural to expect that the above method can be applied to obtain finiteness results on integral points of bounded denominators on elliptic curves over function fields (as in Corollary below). For this to be done using the construction of the map β X,D,S , it turns out that we need the property saying that the union ∪ S⊂B,#S≤s F q (B, S) is finite for every s ∈ N. Unfortunately, the second goal of this chapter is to establish a uniform negative finiteness result on the union ∪ S⊂B,#S≤s F q (B, S) (cf. Section 4):
Theorem B. For all large enough q and s depending only on the genus g of B, the union
is uncountably infinite. Moreover, there exists N(q, s, g) ∈ N, a Zariski dense open subset I ⊂ P N , and a map I → ∪ S⊂B,#S≤s F q (B, S) with uniformly bounded finite fibres.
The above result shows that we cannot extend directly our method to recover the finiteness of integral points of bounded denominators (cf. Corollary 1.7).
From Theorem B, we obtain the following geometric information on the compact fine moduli spaces M q,n of stable curves of genus q with level n ≥ 3-structure. Let ∆ ⊂ M q,n be the divisor locus of singular curves.
Corollary A. For large enough q, s ∈ N depending only on g, there exists uncountably many nonconstant morphisms h : B → M q,n , up to automorphisms of B, such that the set-theoretic intersection h(B) ∩ ∆ has no more than s points.
We shall apply our strategy to prove a certain uniform finiteness result on unit equations over function fields in Section 5 (cf. Theorem 5.3). The result obtained is nontrivial but far from being optimal (cf. Remark 5.5). But again, as in the case of integral points on elliptic surfaces, our proof is new in the sense that it does not reduce to establish any height bound on the set of solutions as in traditional approaches in the literature. For traceless families of abelian varieties, a bound on the canonical height of (S, D)integral points which is linear in terms of s = #S is known in [5] . Such results are unknown for a general family of abelian varieties. From Theorem 1.6, we can obtain the following effective finiteness result on integral points of bounded denominators. Corollary 1.7. Let f : X → B be a nonisotrivial elliptic surface of type T ⊂ B with a zero section (O). There exists α, β, γ > 0 depending only on g and t = #T such that for every s ∈ N, the union:
is finite and #I s ≤ (αs + β) γ . Moreover, the same result holds when (O) is replaced by any horizontal integral divisor D ⊂ X but with α, β, γ depending also on the genus of D.
The above result is remarked without proof in [30, 2.9] . A stronger result concerning generalized integral points is given in [26] . When X → B is a constant family of abelian varieties, certain finiteness uniform results on the height and on the integral points are obtained in [23] and [28] .
Proof of Corollary 1.7. As the bound in Theorem 1.6 depends only on #S, the exact same proof of [14, Theorem 8.1] can be applied to give the result. The constants α, β can be given as a function of g and that γ is half of the Mordell-Weil rank of X K (K), which is bounded by 2(2g − 2 + t) by the Shioda-Tate formula (cf. [31, Theorem 2.5] ). Now let D ⊂ X be an integral curve which is finite over B. Let C → D be the normalization morphism and let h : C → B be the induced finite morphism of degree d.
Consider the elliptic surface f ′ : X ′ = X× B C → C which is also non-isotrivial (cf. Theorem 2.2). Let T ′ be the type of X ′ then #T ′ ≤ dt. It is clear that D × B C splits into sections of f ′ . Let R be one of the these sections and let K ′ = C(C). It follows that we have
. The desired properties of I s are then obtained from those of I ′ s ′ . Remark that the constants α, β, γ now depend also on the genus of the divisor D.
The third goal of the article is to give a new proof of the uniform consequence on the canonical height of (S, D)-integral points (as in Theorem 1.6) by using only the tautological inequality (cf. Definition 6.7). Thereby, we also give a new proof of Corollary 1.7.
For simplicity, we restrict to semistable families of relative maximal variation and adaptive families of effective ample divisors (cf. Section 6).
Theorem C. Let X f − → C → Z be a relative maximal variation family of semistable elliptic surfaces with a zero section O : C → X . Let D ⊂ X be an adaptive family of ample effective divisors. There exists c 1 , c 2 > 0 such that for every z ∈ Z and every P ∈ X z (k(C z )) \ D z ,
Here, h Oz is the Néron-Tate height on X z (k(C z )) associated to the origin O z and σ P ∈ X z (C z ) is the corresponding section of P .
When D = (O) is the image of the zero section, Theorem 6.4 shows that the constants c 1 , c 2 in Theorem C depend only on the topological invariants χ = χ(O Xz ) and g = g(C z ) (where z ∈ Z) exactly as in Theorem 1.6.
Preliminaries
Let X be a connected scheme. We fix a geometric pointx to obtain anétale fundamental group π et 1 (X) = π et 1 (X,x). Anétale degre d cover of X is equivalent to a π et 1 (X)-set of cardinal d, i.e., a continuous homomorphism of topological groups π et 1 (X) → S d , where S d denotes the discret group of permutations of a set of d elements. Hence, the number of degree détale covers of X is given by #Hom(π et 1 (X), S d ). If π et 1 (X) is finitely generated with m generators then #Hom(π et 1 (X), S d ) ≤ (d!) m . Moreover, for a regular connected variety X over C, we have Hom(π et 1 (X), S d ) = Hom(π 1 (X(C)), S d ). If X = B\T , where T is a finite subset of cardinal t, then the topological fundamental group π 1 (X C (C)) is a free group F 2g+t−1 of rank 2g − 1 + t. Therefore, we see that π et 1 (X) =F 2g−1+t is the completion of the free group of 2g − 1 + t generators. In this case, the number of degree détale covers of B\T is bounded above by 
Similarly, by composing with the translation τ P ∈ Aut B (X) for P ∈ E(K), we see that
) is also finiteétale of degree 4 over B\T . Every point Q ∈ E(K) such that [2]Q = P is an element of Ker [2] . Therefore, by composing all the finiteétale covers of B \ T of degree at most 4, we obtain a finite cover B ′ → B of degree at most 4 N (4,g,t) which is ramified only over T and that 2E(
In particular, by the Riemann-Hurwitz formula, the genus g ′ of B ′ is bounded by a function in g, t given by
The same properties hold if we replace [2] by [d] where d ∈ N. We reformulate the above discussion as follows: 
The next theorem is standard and valid in arbitrary dimension (cf. [12, Lemma 3.30]).
Theorem 2.2. Let X ′ /K be a smooth projective isotrivial curve. Suppose that X ′ → X is a dominant K-morphism of smooth projective curves. Then X is also isotrivial over K.
However, using only the de Franchis theorem, we can give a short proof of Theorem 2.2. Since we do not know if such a proof exists already in the literature, we include it here.
Proof of Theorem 2.2. Consider any models X ′ → B and X → B of X ′ and X respectively. By the resolution of indeterminacy of surfaces, we can find a dominant B-morphism X ′ → X commuting with X → B and X ′ → B.
Suppose on the contrary that X is nonisotrivial but X ′ is isotrivial. Let C be a general fibre of X . As X ′ is isotrivial, its general curves over B are all isomorphic to each other which we can then denote by a single curve C ′ . As X is nonisotrivial, the dominating B-morphism X ′ → X induces infinitely many pairwise non isomorphic curves which are fibres of X and which are dominated by C ′ . Note that these dominating maps are all of the same degree d = [k(X ′ ) : k(X)]. Let g ′ , g be respectively the genus of X ′ and X. If g ≥ 2 then g ′ ≥ 2 by the Riemann-Hurwitz formula. However, the de Franchis theorem (cf. [3, Theorem XXI.8.27] ) says that up to isomorphisms, there are only finitely many curves D of genus g ′ such that there is a dominant morphism C ′ → D. Therefore, we obtain a contradiction. Similarly, [3, Theorem XXI.8.27 ] implies a contradiction when g = 1. The case g = 0 cannot occur since otherwise X would be the trivial projective line. Lemma 2.4. Let E/K be an elliptic curve over a field K. Let D be a divisor of degree d ≥ 1 on E. Let ι = − Id be the involution. Suppose that j(E) = 0, 1728 then we have:
Proof. For (i) see Theorem 7.6.(4) and remark that Aut
Hence the isomorphism of groups
Parshin-Arakelov theorem and uniform finiteness of integral points
We are now in position to construct the map β X,D,S defining on the set of (S, D)-integral points of a nonisotrvial elliptic surface X → B to recover the following uniform result in Theorem A without establishing any height bound for integral points.
Proof of Theorem A. We denote by (P ) = σ P (B) ⊂ X the image section associated to a rational point P ∈ X K (K).
Let D = D K be the pullback of D to the generic fibre. Let d = deg D and let O ∈ E(K) be the zero element. We can clearly assume that D is integral thus contains no vertical components. By Lemma 2.1, every rational point in E(K) has a (d + 1)-th root in a base extension K ′ /K of degree at most 16 2g+t−1 which is ramified only above T and with genus g(K ′ ) bounded in terms of g, t. Therefore, up to making the corresponding base change
is the functor which associates to each K-scheme V the group of families of invertible sheaves on E of degree 0 parametrized by V , modulo the trivial family. In particular, P 0 E (K) is the group of equivalence classes of degree 0 invertible sheaves on E.
. Now let P ∈ E(K) be an (S, D)-integral point. We can suppose P ∈ (d + 1)E(K) by the first paragraph. Denote by R P , R Q ∈ E(K) certain (d + 1)-th roots of P and Q respectively. In particular,
Since C(X) = K(E), we can extend linear equivalence relations on E to linear equivalence relations on X modulo vertical divisors. Thus, for some vertical divisor F on X, we have:
We now determine a minimal nonisotrivial fibration of curves associated to P using the tool of cyclic covers. By Proposition 7.4, we obtain a degree d + 1 simple cyclic cover X ′ → X of surfaces associated to the data Z ∼ (d + 1)L P . Let Y → X ′ be the strict resolution of singularity of X ′ . Consider the composition f P : Y → X ′ − → X → B. Then by the Riemann-Hurwitz formula calculated on general fibres Y b → X b , we find that f P is a family of curves of genus q satisfying 2q − 2 = d(d + 1) thus
Let Z sm be the set of regular points of Z and D ram ⊂ D be the set of ramified points of the finite cover D → B.
If D is the zero section then S ′ = S ∪ T and thus #S ′ ≤ s + t. Therefore, we have constructed a Parshin-type map denoted β and given by
with the property that the horizontal part of the branch locus of Y → X is (P ) ∪ D.
We claim that the fibres of the map β is uniformly bounded. Indeed, let Y → B be an element of F q (B, S) that belongs to the image of β. Theorem 7.1 implies that there is at most M(q, d + 1) possible (d + 1)-covers Y → X up to composition with an element of Aut B (X) = Aut K (E). Here, the function M(q, d + 1) is given in Theorem 7.1. Hence, it suffices to prove that each such class of (d + 1)-covers Y → X (modulo Aut B (X)) is the image of at most 4d 2 possible (S, D)-integral points. Indeed, let P, 
Since the horizontal parts of the branch loci of Y → X and of Y ′ → X are respectively (P ) ∪ D and (P ′ ) ∪ D, we must have u E {P ′ , D} = {P, D}. We consider two cases:
(1) Suppose that d ≥ 2. We deduce that u E (P ′ ) = P and u E (D) = D. Hence, Lemma 2.4 implies that there is at most one rational point
As u E (P ′ ) = P , there exists at most 2#E[d] = 2d 2 possibilities for P ′ .
Each case gives at most one choice for R by the first equation and hence at most one choice for P ′ by the second one. Thus, there are at most 4 possibilities for P ′ in total.
We have just shown that the fibres of β are uniformly bounded by 4d 2 M(q, d + 1). Since F q (B, S ′ ) is also uniformly bounded by a function C(q, g, #S ′ ) (cf. Theorem 1.2), the number of (S, D)-integral points is bounded uniformly by 4d 2 M(q, d + 1)C(q, g, #S ′ ), which a function depending only on g, s, t, d, and #D ram ∪ D sing by the relations (3.2) and (3.1). The proof is thus completed.
A negative result on the Parshin-Arakelov theorem
Keep the notations as in Theorem A, it is natural to attempt to generalize the above proof of Theorem A to show, for example, that for every n ∈ N, the following union of integral points of bounded denominators (4.1)
is finite (which is true by Corollary 1.7). If we follow the same steps as in the proof of Theorem A, we will then obtain a map with uniformly bounded finite fibres
for some n ′ ∈ N. Thus we reduce to prove the finiteness of
Similarly, let L be a very ample line bundle on X and suppose that want to prove the finiteness of the following union of integral points with respect to a varying divisor
where |L| sm denotes the open dense algebraic subset of |L| consisting of smooth effective divisors (Bertini's theorem). Remark that J L is known to be finite by Theorem 1.6 using the base change to curves in |L| sm whose genus is constant.
Proceeding as in the proof of Theorem A, we can also obtain a map
for some n ′′ ∈ N since the divisors D ∈ |L| sm are linearly equivalent, D sing = ∅, and #D rm is uniformly bounded by the Riemann-Hurwitz formula (cf. [19, Proposition 7.5.4] ). It can be shown that the map β ′′ has uniformly bounded finite fibres (cf. the last part in the proofs of Theorem A and Theorem B). Therefore, we reduce again to show the finiteness of the set ∪ S ′′ ⊂B,#S ′′ ≤n ′′ F q (B, S ′′ ).
Unfortunately, it turns out that the set ∪ S⊂B,#S≤s F q (B, S) is even very far from being finite because of the strong negative finiteness result: Therefore, additional arguments will certainly be needed with the above method to obtain known finiteness results for the above sets I n , J L (cf. (4.1) and (4.2)).
Before giving the proof of Theorem B, we need to begin with several lemmata. Proof of Theorem B. The idea of the proof is very similar to the proof of Theorem A. Consider a non-isotrivial elliptic surface f : X → B. Such a surface always exists since we can obtain one after a finite base change B → P 1 of the Legendre family E → P 1 of elliptic curves defined in the affine plane by the equation
where λ denotes the inhomogeneous coordinate on P 1 . By Theorem 2.2, the obtained surface X is non-isotrivial since E is non-isotrivial. The model E can be taken to be for example the minimal elliptic surface associated to the generic elliptic curve E C(λ) over the function field C(λ). By Lemma 4.1, the finite morphism B → P 1 can be taken to have degree m ≤ 2g + 1. As E has only three singular fibres lying above λ = 0, 1, ∞, It follows that the set T ⊂ B supporting singular fibres of X has no more than 3(2g + 1) points.
Let H be a very ample line bundle on E and let L be its pull back to X, which is also very ample. Let d ∈ N * . By Bertini's theorem, we obtain a Zariski open dense subset I ⊂ P|2dL| parametrizing an uncountable family of smooth and irreducible horizontal curves (C i ) i∈I ⊂ X belonging to the complete linear system |2dL|. By the adjunction formula, the (arithmetic) genus g i of the curves C i 's is a constant
which is bounded only in terms of g since m ≤ 2g + 1. From (4.3) and the Riemann-Hurwitz Formula (cf. [19, Proposition 7.5.4] ), it is clear that for every i ∈ I, the degree of the ramification divisor C i,ram of the induced cover C hor i → B is bounded in function of g.
It follows that #W i is finite and bounded only in terms of g.
We can now obtain an uncountable number of pairwise non-equivalent non-isotrivial minimal families Y i → B of curves of genus q ≥ 2 which factor through X → B as follows. Let X b (b ∈ B) and F be general fibres of X and E respectively. Denote
By Proposition 7.4, we obtain a cyclic double cover X
is nonisotrivial since X is nonisotrivial by hypothesis. Therefore, Y i is a minimal nonisotrivial family over B of type W i ∪ T of curves of genus q and
where the number s depends only on g. To summarize, for the Zariski dense open locus of integral smooth curves I ⊂ P|2dL|, we have defined a map
To finish, we shall show that for any fixed i ∈ I, there are at most a uniformly bounded number (in terms of g) of j ∈ I such that Y j ≃ Y i over B.
Theorem 7.1 tells us that there is no more than M(q, 2) possible double covers Y i → X up to composition with an element of Aut B (X) = Aut K (E). Therefore, it is enough to prove that each such class of double covers has at most 8d 2 n 2 covers of the form Y j − → X are respectively C i and C j , we must have u(C j ) = C i . Since C i ∼ C j , Lemma 2.4 implies that there is at most one rational point R
. It follows that there are at most 2#E[2nd] = 2(2nd) 2 = 8d 2 n 2 choices for such u and thus at most 8d 2 n 2 possibilities for such j as claimed since C j = u −1 (C i ). Therefore, the theorem is proved.
Application to unit equations
We shall apply the covering method to give a new proof for the uniform finiteness of unit equation over function fields as follows.
Let's begin with a construction of covers associated to integral sections in a ruled surface. Let f : X → B be the trivial ruled surface over B and let π : X → B be the second projection. Let D be the closure in X of an effective reduced divisor D of odd degree d ≥ 3 on P 1 K . Let P ∈ X K (K) \ D with (P ) ⊂ X the corresponding section B → X. Denote Z = (P ) + D.
Consider the divisor Z K = D + [P ] on P 1 K . Let b ∈ S be a fixed point. Since deg(Z K ) = deg(D) + 1 = d + 1 and since the group Pic 0 K (P 1 K ) of equivalent classes of degree 0 line bundles of P 1 K is trivial, we deduce that Z K ∼ K (d + 1)[P ]. Since k(X) = K(t) = K(P 1 K ), we can extend the linear equivalence on the surface X up to a vertical divisor. Hence, we deduce that there exists a vertical divisor F on X such that Z ∼ (d + 1)(P ) + F.
We can write F = i n i π * [b i ] for b i ∈ B and n i ∈ Z where [b i ] denotes the effective divisor associated to b i . We have i n i = 2m − r for some m, r ∈ N and 0 ≤ r ≤ 1. Thus deg( i n i [b i ] − (2m − r)[b]) = 0. By properties of the Jacobian J(B), we find that
By Proposition 7.4, we obtain a double cyclic cover X ′ → X associated to the data (Z + rπ * [b], L ⊗2 ). The cover X ′ → X is totally ramified above Z + rπ * [b]. Moreover, it is smooth above B \ S whenever (P ) is (S, D)-integral. By a strong resolution of singularity and by contracting all possible (−1)-curves, we obtain a minimal family of curves The main result of the section is the following. However, our proof of Theorem 5.3 below does not use height theory and thus we give a new proof of a weak (but nontrivial) version of Evertse's theorem.
Remark first that since an isomorphism of P 1 , i.e., a Möbius transformation, is completely determined by the images of three distinct points. We can thus easily obtain the following elementary lemma.
Lemma 5.6. Let P, Q ∈ P 1 \{0, 1, ∞} be two distinct points. Then at most 4! = 24 isomorphisms of P 1 sends the set {0, 1, ∞, P } to the set {0, 1, ∞, Q}.
Proof of Theorem 5.3. Let P ∈ X(K) be a nontrivial (S, D)-integral point of X. Then Z = (P ) + D has degree d + 1 on general fibres of Y P → B. By the Riemann-Hurwitz formula applied to the double cover Y P,t → X t of general fibres (t ∈ B), Y P → B is a family of curves of genus q such that 2q − 2 = 2(−2) + d + 1 so that q = (d − 1)/2. By Proposition 7.4 and Proposition 7.5, Y P → B is of type S ′ = S ∪ π(D sing ∪ D ram ) where D sing is the set of singular points of D and D ram ⊂ D is the set of ramified points of the finite cover D → B.
Since P is a nontrivial (S, D)-integral point, the family f P is nonisotrivial and has good reductions outside of S. To summarize, we have constructed a map
where F q (B, S ′ ) denotes the set of non equivalent classes of minimal families of curves of genus q of type S ′ . Since q ≥ 1 as d ≥ 3, Shafarevich theorem (Theorem 7.3) and the Parshin-Arakelov theorem (Theorem 1.3) imply that #F q (B, S ′ ) is uniformly bounded in terms of q, g, #S ′ . To finish, we need to show that the map γ above has uniformly bounded fibres. For this, let f P : Y P h P − → X → B be in the image of γ for a some integral point P . We distinguish two cases.
Suppose first that d ≥ 5 so that q ≥ 2. Theorem 7.2 implies that up to an isomorphism of P 1 , there exists only a uniformly bounded finite number of double covers Y P → X. Thus, it suffices to show that if Q a nontrivial (S, D)-integral point such that h P = µ • h Q for some µ ∈ Aut B (X) = PGL 2 (C), then there are at most 24 choices for Q. But since µ must send the branch points of h Q to branch points of h P , we have µ{Q, D} = {P, D} and there are indeed no more than 24 possibilities for Q by Lemma 5.6.
Suppose now that d = 3 so that q = 1 and Y P → B is an elliptic surface. It is well-known that up to an isomorphism of P 1 and an automorphism of (Y P ) K , there is only one double cover from (Y P ) K to P 1 given by (x, y) → y where Y P is given by y 2 = x 3 + Ax + B for some coordinates x, y. Hence, as in the case d ≥ 5, at most 24 integral points Q give rise to the same family of curves Y Q ≃ Y P . The conclusion thus follows.
Tautological inequality and integral points
We fix throughout an integral quasi-projective variety Z/k over an algebraically closed field k of characteristic 0. The language of the intersection theory is used freely (cf. [11] ). Let χ, g ∈ N. The existence of relative maximal variation families of (resp. semistable) elliptic surfaces with section which parametrize all elliptic surfaces X → C such that χ(O X ) = χ and g(C) = g is proved in [29, Theorem 7] . 
In fact, we can obtain with the tautological inequality that:
is the zero section, the conclusion of Theorem C still holds. Moreover, the constants c 1 , c 2 depend only g, χ (cf. Remark 6.2). [30] ) implies that r = rank X(B) ≤ ρ(X). Let e(X) denote the topological Euler characteristic of X, then (6.2) b 2 (X) = e(X) − 2 + 2b 1 (X) = e(X) − 2 + 4g(B).
The first equality follows from the Poincaré duality. The second equality follows from:
In fact, as
), the Leray Spectral sequence: 
From the injectivity of the cycle class map NS(X) → H 2 (X, Q), ρ(X) ≤ b 2 (X). On the other hand, Noether's formula χ(O X ) = (K 2 X + e(X))/12 implies that 12χ(O X ) = e(X) since K 2 X = 0. Therefore, (6.2) implies that: ρ(X) ≤ b 2 (X) = 12χ(O X ) − 2 + 4g(B).
6.2. The tautological inequality. Let X be a smooth projective variety over a field k. Let D ⊂ X be a simple normal crossing divisor, i.e., in some local coordinates z 1 , · · · , z n at each point x ∈ X, D is given by an equation of the form z 1 · · · z k = 0 with k ≤ n.
Definition 6.6. The sheaf of differentials V 1 = Ω X/k (log D) with logarithmic poles along D is well-defined vector bundle. It is given locally at x ∈ X by dz 1 z 1 , · · · , dz k z k , dz k+1 , · · · , dz n .
We have a canonical morphism π 1 : X 1 (D) → X. Denote by O(1) the tautological line bundle on X 1 (D). Consider a k-morphism f :
Then f can be lifted to a morphism f ′ : Y → X 1 (D) such that π 1 • f ′ = f as follows. Sine the pullback of every logarithmic differential with poles along D is a logarithmic differential with poles along the support (f * D) red , we have a
which defines the map f ′ by the universal property of PV 1 . We obtain an inclusion of sheaves
For g(Y ) the genus of Y , it follows that
Definition 6.7. We call (6.3) the tautological inequality associated to f : Y → X.
6.3. Ampleness on ruled surfaces. We continue with a useful criterion of ampleness. Lemma 6.8. Let V be a vector bundle of rank 2 on a smooth projective curve X over a field L of characteristic 0. Assume that V satisfies a non splitting short exact sequence:
where D is an effective divisor on X such that deg D > 0. Then the tautological bundle O(1) on the ruled surface P X (V ) is ample.
Proof. The class of the exact sequence (6.4) in H 1 (X, O(D)) is nonzero if and only if its class in H 1 (XL, O(DL) ) is non zero. The Cohomological criterion for ampleness as in [13, Proposition III.2.6.1] and the invariant of cohomology under flat base change allows us to suppose that L is algebraically closed. We can now apply the Nakai-Moishezon criterion to prove that O(1) is ample. The proof goes as in [12, Lemma 6.27].
Canonical height and intersection theory.
To transfer bounds on the intersection inequality obtained by the tautological inequality to bounds on the canonical height, we use the following comparison result: Lemma 6.9. Let X → B be an elliptic surface over a curve B with a zero section (O). Let K = k(B). Then every rational point P ∈ X(K) satisfies
Proof. See for example [9, Lemma 3] . Here, we normalize the canonical height h, which may differ by a factor of 2 to some definitions in the literature, so that (6.5) holds.
Return now to the notations of Theorem C.
Preliminary reductions.
Since k is of characteristic zero, Z admits an integral resolution of singularities Z sm (cf. [15] ). Up to making a base change of X → C → Z and of O to Z sm , we can assume without loss of generality that Z is smooth. It follows that C and thus X are smooth varieties. Denote (O) ⊂ X the image of the section O equipped with the reduced scheme structure. Then (O) is a smooth divisor of X . We can clearly assume moreover that X and C are integral.
Let F ⊂ C be the effective reduced divisor of singular locus of the morphism f : X → C. Then T = f * F is the divisor of singular fibres of f : X → C.
Consider the embedded resolution of singularities µ : X ′ → X of the effective Cartier divisor (O) + T in X (cf. [15] , see also [18, Theorem 4.1.3] ). The map µ can be obtained as a finite sequence of blowups along smooth centers supported in the singular loci of (O) + T (thus contained in T ). Up to replacing X by X ′ and (O) + T by the support of µ * ((O) + T ) + E where E is the exceptional divisor of µ, we can suppose that the divisor D := (O) + T is simple normal crossing. As the family X → C is semistable and admits a section by hypothesis, the fibres D z are also simple normal crossing for all z ∈ Z.
Therefore, the logarithmic cotangent bundles Ω X (log D) and Ω Xz (log D z ) are well-defined for every z ∈ Z (cf. Definition 6.6). For the notations, we denote for every z ∈ Z,
Here, Ω X /Z (log D) denotes the relative logarithmic cotangent bundle which by definition fits in the following short exact sequence: [21] ). Lemma 6.10. We have an exact sequence of vector bundles:
Proof. Let W be the quotient of Ω Xη /κ(η) (log D η ) by f * η Ω Cη /κ(η) (F η ). The local freeness of W follows by a local calculation at points P lying on the divisor T of singular fibres. Moreover, the exact sequence (6.8) implies that:
Let ξ ∈ C η be the generic point of C η and κ(ξ) = κ(η)(C η ) the function field of C η . Since X f − → C → Z is of relative maximal variation, the Kodaira-Spencer class of X η /κ(η) is nonzero. In other words, the following exact sequence of vector bundles is non splitting:
Hence, it follows from Lemma 6.8 that the tautological line bundle O ξ (1) is ample on the elliptic ruled surface
Lemma 6.11. There exists an integer N ≥ 1 and an effective divisor V η of C η such that the following line bundle on P(E) = X η (D η ) is globally generated:
Proof. As O ξ (1) is ample, the line bundle O ξ (N 1 ) is very ample on P(E ξ ) for some integer N 1 ≥ 1. Take any basis s 1 , . . . , s k of the linear system |O ξ (N 1 )| on P(E ξ ). As C η /κ(η) is a curve, there exists an effective divisor V 1 on C η such that s 1 , . . . , s k extend to global sections of H 0 (P(E), O P(E) (N 1 ) ⊗ π * η O(f * η V 1 )). Since O ξ (N 1 ) is very ample on the generic fibre P(E ξ ) of P(E), the line bundle O P(E) (N 1 )⊗ π * η O(V 1 ) is a big line bundle on P(E) by the very definition of bigness (its the augmented base locus cannot not be all of X η (D η ), cf. [4] ).
Since
On the other hand, deg(Ω Cη /κ(η) (F η )) ≥ 0. Indeed, it is enough to consider the case g = 0. But in this case, the Shioda-Tate formula [30] implies that 2a + m ≥ 2χ(X η ) + 2 where a, m are respectively the number of additive and multiplicative singular fibres of X η → C η . Since X η is nonisotrivial, χ(O Xη ) > 0 and it follows that deg F = a + m ≥ 2. Hence
is an extension of nef line bundles (cf. (6.8)) thus it is a nef vector bundle on X η . Thus, the line bundle O P(E) (N 1 ) ⊗ π * η O(V 1 ) is actually nef and big. Since the pullback of O P(E) (N 1 ) ⊗ π * η O(V 1 ) to the generic fibre over C η is O ξ (N 1 ) which is very ample, Nakamaye's theorem [22] (which is valid over any field, cf. [4] ) implies immediately that the augmented base locus B + (O Xη(Dη ) (N 1 ) ⊗ π * η O(V 1 )) ⊂ P(E) is vertical over C η , i.e., it does not dominate C η . By definition of the augmented base locus (cf. [4] ), there exists N ≥ 1 and an effective vertical divisor V η such that L η is globally generated as desired.
Let V be any effective divisor on X extending V η . Since V η + T η is vertical with respect to the projection f η : X η → C η , The pushforward (f η ) * (V η + T η ) is an effective divisor on C η and we can set M = deg(f η ) * (V η + T η ) ∈ N. It follows that for every z in some Zariski dense open subset U 0 ⊂ Z, we have
Since D ⊂ X and D z ⊂ X z are simple normal crossing, the formation of the relative logarithmic differential sheaves Ω X /Z (log D) commutes with the localizations to fibres above points z ∈ Z. This means that for every point z ∈ Z, (Ω X /Z (log D)) z = Ω Xz (log D z ). Moreover, we have a commutative cartesian diagram
Let O(1) be the tautological line bundle on X (D) and consider the following line bundle:
By Lemma 6.11, L η is globally generated where η is the generic point of Z. Denote ϕ := h • f • π : X (D) → Z and ϕ z = h z • f z • π z : X z (D z ) → z the induced structure morphism of X z (D z ) for every z ∈ Z. By the local constructibility of the set of z ∈ Z satisfying the surjectivity of the map
there exists a nonempty Zariski open subset U ⊂ U 0 ⊂ Z such that the map (6.11) is surjective, i.e., L z is globally generated, for every z ∈ U. Therefore, for every section σ P ∈ X z (C z ) corresponding to a rational point P ∈ X z (k(C z )) for some z ∈ U, we have deg B (σ ′ P ) * L z ≥ 0, where σ ′ P : B → X z (D z ) is the derivative map which lifts σ P (cf. Defintion 6.7).
, it follows immediately for every z ∈ U that:
. Remark that σ P (B) · F ≤ 1 for every integral fibre F of X z → C z . Combining with the tautological inequality applied to P (cf. Definition 6.7), we deduce that
Hence, by the definition of M (cf. (6.10)) and of U, we find for every z ∈ U that:
On the other hand, we have |(O) z · σ P (B) − h Oz | ≤ −(O) 2 z = χ by Lemma 6.9. Thus, we have proven the following main induction step: Lemma 6.12. There exists a Zariski dense open subset U ⊂ Z and M, N ∈ N such that for every rational point P ∈ X z (k(C z )) with z ∈ U, we have:
(6.13) 6.7. Proof of Theorem 6.4. Apply the above procedure (6.13) for each integral component of Z \ U and so on. Since dim Z \ U < dim Z, the process has only finitely steps. It is then clear that there exists c 1 , c 2 > 0 such that for every z ∈ Z and every section σ P ∈ X z (C z ) associated to a rational point P ∈ X z (k(C z )), we have:
By ([29, Theorem 7]), the family X → C → Z can be taken as a parameter space of all semistable elliptic surfaces with section of parameters χ, g (cf. Remark 6.2). The constants c 1 , c 2 thus depends only on χ, g and the proof of Theorem C is completed. 6.8. Proof of Theorem C. By hypothesis, D ⊂ X is an adaptive family of ample effective divisor. Thus, we can apply, mutatis mutandis, the above Main induction step 6.6, by replacing D by D + T , to obtain a Zariski dense open subset U ⊂ Z and M, N ∈ N such that for every rational point P ∈ X z (k(C z )) with z ∈ U, we have (cf. (6.12)):
for every z ∈ W , the following natural map is surjective:
It follows that the linear system |AD z − (O) z | is base-point-free for every z ∈ W .
(by Lemma 6.9)
≤ AD z · σ P (B) + χ (by Lemma 6.13)
(by (6.15))
We continue the above procedure for each integral component of Z \ U ′ and so on. As dim Z \ U ′ < dim Z, the process terminates after a finite number of steps. Hence, there exists c 1 , c 2 > 0 such that for every z ∈ Z and every P ∈ X z (k(C z )),
The proof of Theorem C is thus completed.
Appendix
For ease of reading, we reformulate several known results necessary for our article. 7.1. de Franchis theorems. We collect in this section several finiteness results concerning ramified coverings of curves. Let k be a field and let C/k be a smooth, geometrically connected, projective curve of genus q. Let F = k(C) and m ∈ N. Each subfield k F ′ ⊂ F corresponds to an k-isomorphism class of a smooth, geometrically connected, projective curve C ′ such that the corresponding non constant map f : C → C ′ verifies f * (k(C ′ )) = F ′ .
An immediate consequence of a result of Tamme-Kani is the following effective version of the de Franchis Theorem: Theorem 7.1 (Tamme-Kani). Let k be a field and let m ∈ N. Let E/k be an elliptic curve and let C/k be a smooth projective geometrically connected curve of genus q. Then, up to composition with an element of Aut k (E), the number of degree-m covers h : C → E is uniformly bounded by an effective function M(q, m) depending only on q and m.
Proof. It suffices to apply [16, Theorem 4] (and the corollary that follows) and define M(q, m) = 2 6q 2 −1 m 4q 2 −2 (ζ(2)/2)m 2 + (m/2)(log(m) + 1).
Given two covers f 1 : X → Y 1 and f 2 : X → Y 2 of compact Riemann surfaces, we say that f 1 and f 2 are equivalent if there is a biholomorphic map p : Y 1 → Y 2 such that f 2 = p • f 1 . Proof. See [6] . 7.2. Shafarevich problems. Let N ≥ 1. The moduli space of elliptic curves with level N-structure Y 1 (N) is a Riemann surface and can be compactified into a compact Riemann surface X 1 (N) (see [8, Chapter 1.5] ). The genus of X 1 (N) can be given as an explicit function of N (cf. [8, Ex.3.1.6] ). For n 0 = 1728, X 1 (n 0 ) has genus greater than 2.
Let B be a smooth projective complex curve of genus g and let S ⊂ B be a finite subset of cardinality s ≥ 1. Two elliptic surfaces E → B and E ′ → B are said to be equivalent if there exists a B-isomorphism µ : E → E ′ . We have: Theorem 7.3 (Uniform Shafarevich's theorem for elliptic surfaces). There exists a function A : N 2 → N such that the set of equivalence classes of nonisotrivial minimal elliptic surfaces E → B with good reduction away from S has no more than A(g, s) elements.
Proof. U := B\S is an open affine curve. We claim that for every elliptic scheme E → U, there is a finiteétale cover U ′ → U of uniformly bounded degree (in terms of g, s) over which E has a section of order n 0 . Indeed, since π 1 (U) has only finitely many quotients of a given size (which corresponds to the degree of U ′ → U), there are only finitely many possibilities for U ′ up to U-isomorphism. The number of such U ′ is bounded in terms of the free group π 1 (U) ≃ F 2g−1+s and thus uniformly bounded in terms of g, s. Each connected component U ′ i of U ′ has a moduli map to Y 1 (n 0 ) which is dominant if the jinvariant j(E) is not constant. As X 1 (n 0 ) has genus at least 2, the de Franchis theorem (cf. [3, Theorem XXI.8.27]) tells us that there are only finitely many such moduli maps. Therefore, there exists a finiteétale extension V → U of uniformly bounded degree over which every nonisotrivial elliptic scheme E → U has a section of order n 0 as claimed. Again, an effective version of the de Franchis theorem (cf. [1] ) implies that the number of nonconstant maps V → Y 1 (n 0 ) is uniformly bounded. The proof is completed. 7.3. Simple cyclic covers. Let k be an algebraically closed field of characteristic 0. Proposition 7.4 (Simple cyclic covers). Let m ∈ N. Let X/k be an irreducible projective smooth variety. Let D be an effective divisor of X such that D ∼ L ⊗m for some line bundle L of X. There exists a unique finite cyclic cover of degree m of irreducible projective kvarieties f D,L,m : X ′ → X such that f is totally ramified and ramified only above D and every point of f −1 D,L,m (X \ D sing ) is a regular point of X ′ .
Proof. See for example [24] , in particular [24, Proposition 3.1].
Moreover, it is clear that construction of simple cyclic covers is functorial:
Proposition 7.5. Let X, Y be smooth irreducible projective varieties. Let g : Y → X be a morphism such that g * D is well defined where D is an effective divisor on X. Let m ∈ N and L a line bundle such that L ⊗m ∼ O X (D). We have a cartesian square: Theorem 7.6. Let f : X → B be a minimal elliptic surface with a section (O) and let E/K be the associated elliptic curve. Then we have the followings:
(1) For each P ∈ E(K) = X(B), the rational maps τ P : X → X induced by the translation by P on each regular fiber extends, by minimality of X, to an B-automorphism. (2) We have a homomorphism of groups E(K) → Aut B (X), P → τ P . In particular, τ −P is the inverse of τ P for any P ∈ E(K). 
